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Abstract 

In this article one will develop a new type of energy method based on a foliation of space- 
time into hyperboloidal hypersurfaces . As we will see, with this method, some classical results 
such as global existence and almost global existence of regular solutions to the quasi-linear 
wave equations and Klein-Gordon equations will be established in a much simpler and much 
more natural way. Most importantly, the global existence of regular solutions to a general 
type of coupled quasilinear wave- Klein-Gordon system will be established. All of this suggests 
that compared withe the classical method, this hyperboloidal foliation of space-time may be 
a more natural way to regard the wave operator. 
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1 Introduction 

In the research of quasilinear hyperbolic partial differential equations, the global existence of 
regular solutions is a central problem. There are already lots of excellent works. S. Klainerman has 
firstly developed the conformal Killing vector fields method. With this method, he has managed 
to establish the global existence of regular solution to quasilinear wave equations with classical 
null conditions in K 3+1 (see [3]) , and latter, global existence of regular solution to quasilinear 
Klein-Gordon equations in R 3+1 (see [1]). From that time, this conformal Killing vector fields 
method has been developed and applied by many other to many more general cases. 
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However, because of an essential difference between wave equation and Klein-Gordon equation, 
one of the conformal Killing vector field of wave equation, the scaling field S, is not a conformal 
Killing vector field of Klein-Gordon equation. More unfortunately, this scaling vector field plays un 
important role in the decay estimates of wave equations. This leads to an essential difficulty when 
one attempt to establish the global existence of coupled wave-Klein- Gordon system. However in 
[2], S. Katayama has established in a relatively special case the global in time existence of this 
kind of system with a technical L°° — L°° type estimate. 

In another hand, L. Hbrmander has developed an "alternative energy method" (see [1]) for 
dealing the global existence of quasilinear Klein-Gordon equation. His observation is as follows. 
Consider the following Cauchy problem associated to the linear Klein-Gordon equation in R ra+1 



(1.1) 



□it + a 2 u = f, 

u(B + 1,x) = uq, u t {B + 1, x) = mi, 



where uq, u\ are regular functions supported on {(B + l,x) : \x\ < B} and / is also a regular 
function supported on 

A' := {(t,x) :\x\<t - 1}, 

with a, B > two fixed positive constants. By the Huygens' principle, the regular solution of (11.11) 
is supported in 

A' f]{t> B + 1}. 

One denotes by: 

H T := {(*, x) : t 2 - x 2 = T 2 , t > 0} 

and 



G B +i = A' n {(t, x) : ^t 2 - x 2 > B + 1}, 
one can develop a hyperboloidal foliation of Gb+i, which is 

G 2B =H T x [B + l, oo). 

Then, taking dtu as multiplier, the standard procedure of energy estimate leads one to the following 
energy inequality 

t / r \ 1/2 
f 



E m {H T , u) 1 ' 2 < E m (H B+1 , u) 1 / 2 + [ ds( [ 

Jb+i \Jh 



where 



r 3 

E m (H s , u):= V ({x l /t)d t u + d lU f + {{T/t)d t uf + (a/2)u 2 dx. 

Then, Hormander has developed a Sobolev type estimate, see the lemma 7.6.1 of [1]. Combined 
with the energy estimate, he has managed to establish the decay estimate: 



1/2 
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supi"/ 2 M < V E m (H T , Z'u) 1 ' 2 < E m (H B+1 , Z I u) l ' 2 + f ds( f Z 1 f 
Ht \i\< mo Jb + 1 KJh ° 

where too is the smallest integer bigger the n/2. 

But in the proof of pQ, the only used term of the energy E m (HT, u) is the last term u 2 . The 
first two terms seem to be omitted, at least when doing decay estimates. The new observation 
in this article is that the first two terms of the energy can also be used for estimating some 
important derivatives of the solution. This leads one to the possibility of applying this method 
on the case where a — 0, which is the wave equation, so that the wave equations and the Klein- 
Gordon equations can be treated in the same framework. That is the key of dealing the coupled 
wave-Klein-Gordon system, and one may call it hyperboloidal foliation method. 
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The following is a prototype of the main result which will be established in this article. Consider 
the Cauchy problem associated to the coupled wave-Klein- Gordon system in R 3+1 : 

' Du = N(du, du) + Qi(dv, dv) + Q 2 {du, dv), 
Dv + v — Qa(du, du) + Qi{dv, dv) + Q${du, dv), 
u(B + 1, x) — euo, ut(B + 1, x) = eu\, 

, v{B + l,x) = evo, vt{B + 1, x) — ev±. 

Here the N(-, ■) are the classical null quadratic terms while Qi{-, ■) are arbitrary quadratic terms. 
Mo, Mi are regular functions supported on {(B + 1, x) : \x\ < B}. As we will see in the following, 
in general the global existence result holds 

Theorem 1.1 (Prototype of the main result). There exists a Eq > such that for any < e < Eq, 
(|1.2p has an unique global in time regular solution. 

This result has already been established in [2] by S. Katayama. However, the advantages of 
the hyperboloidal foliation method are as follows. First, it provides a proof much simpler than 
that of [2J such that compared with the technical L°° — L°° estimates, it will use nothing else but 
the energy estimates and the Sobolev type inequalities in lemma 7.6.1 of pQ. Second, when one 
add terms such as d a duWj to the system, the method of [2] does not work any more while the 
hyperbolic method still works. 

Furthermore, this new method provides much simpler proofs when applied to many classical 
problems such as the global existence of quasilinear wave equation in K 3+1 with null conditions. 

The structure of this article is as follows. In section [23 one will introduce the notation and 
establish the basic estimates. In section [21 one will establish the main result of this article, the 
global in time existence of regular solution to coupled quasilinear wave-Klein-Gordon system. 

2 Notation and Basic estimates 
2.1 Notation and general framework 

One denotes by Ht the hyperboloid {t 2 — \x\ 2 = T 2 } with radius T > 0. Let 

A' = {|z|<f-1}, 

and 

Gl\ = {\x\ <t-l,T x < ^t 2 - \x\ 2 < T 2 }. 
On H T nA', when T > 1 one has 

T < t < T 2 , 

while on H T n {r := |i| < t/2}, 

T <t< V2T. 

Define the vector fields 

H i =td i +x i d t . 

One sets Z a := d a for a — 0, ... ,3, and Z a := H a _4 for a — 5, 6, 7. One denotes also by Z J the 
| J|-th order operator Zj x ■ ■ ■ Zj,„ , where J is a multi-index with length \ J\. One notices that Hj 
are tangent to Ht and di :— t~ 1 Hi is the projection of di on Ht- Moreover if one uses {x 1 } as a 
coordinate system on Ht, then di can also be regarded as the natural frame associated with these 
coordinates, on the tangent bundle on Ht, and the associated area element of Ht is 

da = t-^t 2 + \x\ 2 dx. 

One also defines the tangential derivatives di, 

fti =uj l d t + d t , 

where ui l := x l jr. Theses vector fields are tangent to the out-going light cone. 
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2.2 Basic energy estimates 

One considers the following linear wave or Klein-Gordon equation: 



(2.1) 



□w + a 2 u = f, 

u\h b+1 = "o, d t u\ HB+1 = Ml, 



where a is a nonnegative constant and Ux, u\ are regular functions supported on Hb+i H A'. / is 
also supposed to be a regular function with its support contained in A' n G^ +1 . Define the energy 
on the hyperboloid Ht' 



E m (T, u) 



(2.2) 



= J (\ d M 2 + J2\ d * u \ 2 + ^fd t ud l u + 2{auf^dx } 

3 2 

J 2(au) 2 + l^"! 2 + dx > 



Ht 



»=i 



2{au) 2 + ^2 ( —diU ) -diu + —d t u \ dx 



Proof. See section 7.7 of pQ. 
Note that 

which implies 



|( fa - di)u\ = 



Tuj 1 



It 



i=i 



jd t u 



x' 
r 



□ 



3 

/ J2\ M 2 dx<E(T, u). 

J Ht i 



In general one has the following energy estimate: 

Lemma 2.1 (Energy estimates). Let u be a regular solution of (|2.1[) then the following energy 
estimate holds: 



(2.3) 



E m (T,u)<E m (B + l,u) + jf (^J^fdx^ ds. 



In Appendix A one will see that for the case treated in this article, the energy defined on 
hyperboloid is controlled by the standard energy. More precisely, for any e, C\ > 0, there exists 
an e' = e'(B, e) > such that if 

E*(B + l,u) 1/2 <e', 



then 



2.3 Commutators 



E m (B + l,u) < e. 



In this subsection one discusses some commutative relations. They are very important for estab- 
lishing the decay estimates. Recall that T 2 = t 2 — t 2 . The following commutative properties are 
obvious: 



(2.4) 

and 

(2.5) 



[Hj, □] = 0, 

[0«, □] - 0. 
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One defines the vector field family 

% :={&, (i-r)r- 1 ^}. 
Firstly one has the following commutative relations between Hj and d a : 



(2.6) 

Notice that one has 



Hjdtu = dtHjU — djU, 



HjdiU — diHjU — Sjd t u. 



so one gets the following commutative relations between Hj and -jd a : 



(2.7) 



Hj ( -d t u 



T 



— \djU+ : —dtu \ +jd t (H J u), 



T . 



ffj ( jdiuj = -- [Sjd t u + -jd lU \ + jd t (H jU ). 



The commutative relations between Hj and D g € S! g 



arc; 



ffj ftu =ftflj-u - W* #,-u + {5) - (jut) -ljdt, 



(2.8) ('(J - = (l - lW,u) ; • 1 



^ : ((; - O*") = (J " " wi {I + 1 

The commutative properties between Hj and <9j are 



1 1 — (5 



1 )i9jU, 



1 \d t u. 



(2.9) 



HjdiU = djHiU —djU. 



In general one has the following results: 

Lemma 2.2. Let I be a arbitrary multi-index. In the region A' n G^ +1 one has: 



(2.10) 



\H z d a u\ < IdaH'u] + C{n, \I\) E \ d P H '' u \ 

\J\<\I\P=0 



(2.11) 

and 
(2.12) 



E E i^'m <EE i fl * ffJ «i + c (™< E E 

i=l \I\=p t=l |/|=p |J|<pj=l 



< 



jdaH'u 



+ C(n,\I\) E E 
|j|<|/|/3=o 



in ifte region {r > t/2} nA'fl G^ +1 one has: 

(2.13) l-ff J ^ fl «l < \ D 9 Hl A +C(n,\I\) E l^" 7 "!. 



UKIH 



where C(n, \I\) is a constant depending only on dimension n and \I\. 
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Proof. The inequality (|2.10[) is a direct result of (|2.6[) . To prove the (|2.13p . one notices that in 
(|2.8p . one has some non-constant coefficients. To get the result, one calculates the their derivatives, 

H j (u?) = (8)-^) t -, 

^ J (r) r r 3 W ^) (r 

/t A _ a^' iV _ ^/f \ft ! 
\r / r r 3 \r / v 

J \ r ) r r 3 \ r / \ r 

One denotes by & the family of functions: 



&:={w,-,- + l,--l}. 
r r r 

Then one gets, for arbitrary multi-index, 

H I D g u = D g H'u+ F K{IJ) D g H J u, 
\J\<\I\ 

where K(I, J) is a multi-index of length \K\ depending only on two other multi-index / and J, 
and F K is a multiplier defined as follows: 

P K ~ p K ip K 2 . . . p K \K\ ^ pKi g 

Notice that when t/2 < r < t — 1, all the terms on the right- hand-side are bounded, which gives 

The inequalities (12 . 1 II) and (|2.12p are proved similarly, one omits the details. □ 
One has also the following commutative relations between d a and D g : 

( 2 - 14 ) d t (-~l)d t = -d t +(--l)d t d u 

\r J r \r J 

»j(j-l)ft = -^ft+(j-l)fl l «„ 

d t (--i)d i = -d i +(--i)a i d t . 

\r J r \r J 

And, the following result: 

Lemma 2.3. Let u be a regular function on A' n G c £ +1 . The the following estimates are true 

3 



]T \Z J d t u\ <C(p,n) ]T Y,\ d i Z 

\J\=p \P\<P3 = 1 



3 

J 



|^ 7 9 Q u| < |9 a Z J u| +C(\I\,n) \ daZ 

\J\<\I\a=Q 



u\. 



G 



When r > ^t, then the following estimate is true 

3 3 

\Z l ftu| < | $ i Z I u\+C{\I\,n) El ^Z J u\+C(\I\,n)(T 2 /t 2 ) £ J3|0 a Z'u|. 

|J|<|J|i=l |J|<|/|a=0 

Proof. Considering the commutative relation (|2.14p . the proof is the same to that of lemma |2~21 □ 
2.4 Frame and the null conditions 

In this subsection, a so called "one-one" frame, denoted by {9 a },will be introduced. Here 

d := d t , 

1 = 1,2,3. 

The transition matrix between this frame and the natural frame is 



/ 1 0\ 

w 1 1 

w 2 1 

\ oj 3 I J 



so that 



Its inverse is 



d a u = <s>id, 



ipu. 



# := = 



/ 1 0\ 

-co 1 1 

-w 2 1 

\ -w 3 1/ 



so that 



d a u = ^^dpu. 

The advantage of this "one-one" frame is that the last three vector fields are tangent to the 
outgoing light cone. In these directions, the gradient of the solution has better decay near the 
light cone. For a general two tenser 7, one can write it in the nature frame as 



7 = T ap d a d 



or in the "one-one" frame 



7 = T^d a 3 p , 



In general the following result holds: 

Lemma 2.4. For any two tenser 7 one has, in the region A' n {r > t/2}, 

a,/3=0 \J\<\I\ a'„S'=0 

Proof. Note that in the region {r > t/2} n A', 

Zuj < 1. 



Then the proof is just a simple calculation. 



□ 
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Now it is the time to introduce the classical null conditions. Let {/$} be a finite set of regular 
function on R n+1 . The following quadratic forms 

A',' ''<)- ]\<), t .f,. Bfifjdapfi, l>"" , <)„f,<).J, 

are said to satisfy the null conditions if for any £ € E™ +1 such that £o£o — Xa=i = 0; 

(2.15) Af^U^-y = Bf j ^ = P a0ij Uff = 0. 
Clearly the following conditions are weaker than these null conditions: 

(2.16) A® 00j = B® 0j = P 00ij = 0. 

2.5 Basic decay estimates 

For the convenience of statement, one defines the following norm: 



%,p,h t ■■= E / \H x u\ 2 dx. 



\u 

\i\<v 

To turn L 2 estimates into L°° estimates, one needs the following Sobolev inequality, which is a 
slightly improvement of a result by Hormander (see lemma 7.6.1 of[T]). 

Lemma 2.5 (Sobolev-type estimate on hyperboloid) . Let p(n) be the smallest integer > n/2. Any 
C°° function defined on R 1+ ™ satisfies 

(2-17) S npt n \u(t,x)\ 2 < C(n)\\u\\ 2 Hp{n) HT , 

where C(n) > is a constant depending only on dimension n. 

Proof. One observes that the derivatives d a are not actually used. □ 

Now it is the time to establish the basic decay estimates. 

Lemma 2.6. Suppose u is the regular solution of (|2.ip . then u satisfies the following decay 
estimates: 

(2.18) supt n (|5i«| a + |(T/t)fl a tt| 9 + |ott| a )+ sup t n \@iu\ 2 < V C^EraiT,^^ 

Ht H T n{r>t/2} mp(n) 

Proof. The proof is just a combination of energy estimat (!2.3l) . the commutation estimate (12.21) 
and the Sobolev inequality (|2.5[) . □ 

Remark 2.7. From lemma Wlk one easily gets the following result. Taking f = and g a ^ — m a ^ , 
then the solution of homogeneous linear wave equation has decay rate as 

\d a u\ < C^-^T- 1 = Ct- {n - 1)/2 {t -r + 1)- 1/2 , 

which is exactly the classical result. 

3 Main result 

3.1 Formalization of the problem and statement of the main result 

One considers the following Cauchy problem associated to the quasilinear system: 

Dwi + Gj a ^(w, dw)d a pvjj + D 2 Wi = Fi(w, dw), 
(3.1) < Wi(B + l,x) = e'wi , 

k d t Wi(B + l,x) = e'wn, 
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with D\ constants, Di = for 1 < i < jo and Di > for jo + 1 < j < jo + kg. For simplicity one 
suppose that Di > 1 for jo + 1 < i < jo + Aft, and 

G^{w, 0tu) = Af ^cl^ + BP° pk w k + 0{\w\ + \w'\) 2 , 

and 

Fi(w, dw) = P^^daWjdpWk + Q" jk Wjd a w k + RfwjWk + 0(\w\ + \w'\) 3 . 
Here m Q/3 are the coefficients of wave operator, and all A^P^k ^ gjapk ^ pafijk^ Qajk jgjk &re 
constants with the absolute value controlled by K. Without lose of generality, one supposes 
insure the hyperbolicity of the system, the following conditions of symmetry 

are imposed: 

(3.2) Gf 13 = Gf a . 

For the convenience of proof, one makes the following convention of index: the Latin index 
i, j, k, I, ... denote the positive entire number 1,2,3, ..ko + jo- The Greek index a, (3, 7, ... denote 
the nonnegative entire number 0, 1,2,3. The Latin index with a circumflex accent above it such 
as j denote the entire number 1, 2, ...jo and the Latin index with a hacek on it such as j denote 
the entire number jo + 1, jo + 2, ...jo + fco- One also denote by 

uy.= w*, v k :=w k , 

the different components of Wj . 
One supposes that 

(3.3) B{ a p% = Q a / h = R\ k = /,'f = 0. 
One also suppose the weak null conditions: 

(3 4) A> 000k = B? 00k = P?°' 3 ' k = 

The initial data Wio,Wn are supposed to be regular functions compactly supported on the disc 
I a; I < B. Then in general the following global-in-time existence holds 

Theorem 3.1. Suppose (|3.4p holds. Then there exists an Eo > such that for any < e' < £q, 
the cauchy problem (|3.ip has a unique global in time solution. 

Remark 3.2. • One improvement compared with is that in theorem \3.1\, the nonlinear 
part can have a term such as d a Wi&l t Wi. Further more, in the proof, the technical L°° — L°° 
estimate will not be used. 

• This result is also valid for the case where the initial data w l o € H 7 (R 3 ) and Wio € H (M ). 
Compared with [2], where one needs Wi € iJ 19 (R 3 ) and wn € iJ 18 (R 3 ), this is also a 
improvement. 

• The condition (|3.4p and f|3 . 3[) are far from optimal. In general this method of proof can 
be applied to the case where the coefficients if^ 7 ' ! ,6f^,P"' 5 ''' ! ,Q° , ' ! and B? k are regular 
functions with certain increasing rates . But here one prefers to write a some-how restricted 
but short theorem. Readers may check the proof of lemma [K5\ and \3.6\ \3.7\ \3.8\ to get weaker 
assumptions on coefficients. 

3.2 Preparations 

To prove this result we need some preparations. The following lemma is the principle of the so 
called bootstrap method: 
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Lemma 3.3 (Principle of continuity). Let u be the regular local in time solution of the following 
quasilinear wave equation 



n g («,3«)W = F(u,du), 
u(0,x) — uq, Ut(0,x)=Ui. 



(3.5) 

Then if the life span time T* of u is finite, one has 



(3.6) sup E m {s, H 1 d J u) = oo. 



0<s<T* 
|J|<P(").UI<2 



Proof. If (I3.6[) does not hold then from lemma [53] 

sup \d J u\ < oo 



0<s<T* 
|J|<2 



By the theorem 6.4.11 of [T], one sees that T* — oo. □ 

A second result that one needs is a more technical energy estimated will be established, which 
is designed for the proof. One defines the following curved energy on hyperboloid H s : 

E G (s, Wl ) := E m (s, Wi )+2 f (dtWidpWjGf* ) ■ (l,-x a /t)dx - f jf ,(',''' )<l.r. 

The the following energy estimate holds: 

Lemma 3.4 (Energy estimate). Let {wi} a regular solution to the Cauchy problem (|3.ip . Suppose 
that the following estimates holds: If the following assumptions holds, 

(3.7) J2 E m(^i) < 3^^g(s,^) 5 

i i 

J (daGj^dtWidpWj - IjdtG 3 " 13 daWidpWj^J ^dx < M, t (s) ^ E m (s, w t ), 



(3.8) 
and 
(3.9) 



r \ 1/2 

J \Fi\ 2 dx) < Li(s) + N^Y.Emis^,) 1 / 2 . 



Then the following energy estimate holds: 

1/2 



y^£ m (s, Wi) 

i 

(3.10) <V3^J2 E G(B + l,Wi)j ' exp^ ^ ^ (3M 4 (r) + y/3(j~ + fco)JVi(r))dr 
+ [ 3^L 4 (r)exp ( f ^ Um^t') + ^3(j + k )N i (T')dA')dT. 

Proof. Under the assumptions Q3.2p . taking dtWi as multiplier, the standard energy estimate pro- 
cedure gives 



X! [\ dt ^2 ( d a w i) 2 + ^2d a (d a w i dtw l ) +d a (G{ al3 d t Widpw j ) - ^d t (G{ al5 'd a Wid WjG) 

i ^ a. a 
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Then integrate in the region G S B+1 and use the Stokes formulae, one gets 

~ (E G (s, Wi) - E G (B, Wi )) = f dtWiFidx + 2 f d a G^d tWi dp 

- \<>tG\ afi 'd a WidpWj dx, 



which leads to 



-f 53 E G {s, Wi ) = 2 53 f {s/^G^dtw^w, - {s/2t)d t G^d a Wid m dx 
+ 2 1 (s/t)d t WiFidx 



H, 



So one gets 

1/2 , / X 1/2 



< 



< 



) d ( V 

^53f / l^l 2 ^) 7 ^m(s,u; l ) 1 / 2 +53Af l ( S )53£; m ( S , Wj ) 



which leads to 

( r 9 \ 1/2 / \ 1/2 

<Vs(J2 \ F i\ dx ) +3 53Af 4 ( S )f 53£; G ( S , Wl 

* * j 

< V3 53 (l^H^^c^) 1 /*) +3 53^(5) (^EgCs,^)) 

i i i 3 

< V3 53 Li(s) + x/30o + M 53 ^( s ) f £ 7 +3 53Af,( S )( 53^(5,^) 



1/2 / \ 1/2 



By Gronwall's lemma, (|3.10p is proved. □ 
3.3 Proof of the main result 

proof of theorem \3.1[ For any e, G\ > 0, by theorem lA.il there exists an Sq(B) > such that for 
any < e 1 < £q{B), E m {B + 1, Z I Wi) < eC\. Then one uses the continuity method. Suppose that 
on a interval [B + 1,T), the energy E m (s, Z I Wi) satisfy 

/ \ 1/2 

53 53 E^frZ'vH)) <C l£ s s , 

(6.11) \I*\<7 V i J 

E m {s,Z I u 2 )<C 1 e, for 1 < i < j . \I\ < 5. 
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where < S < 1/6. By lemma HOI one has the following I? estimates: 
(3.12) 

1/2 / f \ 1/2 



J2 ( f Us/t^d^/dx) + V ( [ Iz'daufdx] <C(n)Cie, 

~ \JH S J ~ \JH s n{r>r/2} / 

I\<tS J|'<5 

V f / \(s/t)Z r d a w l \ 2 dx] + V f / IZ^u^ffaA 7 <C(n)C*ies 5 , 

, \^H S / , \JH s n{r>r/2} / 



/ r \ 1/2 

/Z (J \ zT " v ~j\ dx ) <C(n)C\es s . 

J*|<7 

Also, by lemma |2~61 and lemma ??, one has, for |J| < 3 and |J*| < 5 
(3.13) 

From lemma 12.31 one gets 
(3.14) 



sup Z u-A + sup |i 3/2 @ a Z J u-\ < C{n)C x e, 

H s H s n{r>i/2} 

sup (\ s t^ 2 d a z r v k \ +\t 3 / 2 z r v k \ ) + sup |i 3/2 ^ a Z J u^l < C(n)Cies 



sup|s£ 1/2 Z J <9 Q u;| + sup |i 3/2 Z J ^ a itj| < C(n)de, 

ff s ff 3 n{r>t/2} 



sup (k 1/2 Z- r <9 Q v,J + k 3/2 Z J *^|) + sup k 3/2 Z J * $ a vA < C^des 5 . 

H s V ' / H s n{r>t/2} 

One derives the equation p. II) with respect to a product Z 1 , and gets 

(3.15) UZ I w l + G^dapZtwj + D 2 Z I w l = -[Z 1 , G^d^Wj + Z^^w, w'). 
One also writes the first jo equations: 

(3.16) nz*u 3 = Z l F, - Z^Gf^dapWk). 

For technical reason, when |/| = 7 and |«7| = 6, the following system will also be considered. 

f UZ* Wl + G^d^Z'w, + D 2 Z I Wi = -[Z 1 , G^d^Wj + Z'F^w, w'). 
\ DZ J Wl + f/f'U.zV, + D?Z T Wi = -[Z J , G^d a p] W] + Z J Fi(w, w'). 

Then by (|3.15p . the energy estimate (|2.3p gives for any |/| < 5 and 1 < j < jo, 



^ m ( s ,Z / u ,) 1 / 2 <^ m ( s ,Z / u ,) 1 / 2 + / (f \Z l F x -Z l {p. 

JB + l \JH T 



1/2 

to,-) \ "dx I dr. 



3 a \ I 2 



By (|3.17p . the energy estimate (|3.10[) gives, 

1/2 



E^s^Z 1 Wi) 

6<|I»|<7 

Wi)\ exp 



6< | J* |<7 



•/ zY^Lii^expf [ V (3Mi(T>) + VHh + k )N i (T>))dA dr. 

JB+l , \JB+1 ■ J 
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where 



\Z r F i -[Z r ,Gi af> 8 a p]w j \ a dx > \ <ii(a)+JVi(*) ^ E m (s, Z 1 Wl f' 2 



and 



^ ^(9 a Gf^)9 t Z r ^^Z r Wj - ^{d t G^)d Q Z I *w l d Z I *w^dx < M l (s)Y / E m ( S ,Z I 'w l ) 



And By (|3~To) . for any |J| < 5, 

1/2 / x 1/2 



where 



and 



exp 

+ / 3Vii(T)exp ( f V3Af 4 (r')dr')dr, 
^Fi-iZ^Gi^d^w^dx^ <Li(s) 



S - ({a a G 3 i aP )d t Z I w i dpZ I w j ~ ^(dtGj^daZ'w^pZ'w^jdx < Mi(s) E m(s, Z T Wi) 

Suppose the following estimates can be deduced from (|3.3[) . p. 41) . p,12[) . (|3.13p and (13. 14[> : 

For any |/| < 5, 



(3.18) 



r \ 1/2 

\Z I F l -Z l (G 3 t aP w j )f i dxJ KCWKidefr- 1 - 



:j 

with 



/ L-.ds = C{n)K{C 1 e) 2 e- 1 (B + 1)-° = L < oo. 
Jb+i 



IB+l 

And for any |/*| < 7 (if \I*\ < 5 then N t = 0): 

! 2 

\[G^d a p,Z I ']w j + Z I "F i {w,w')\ z dx\ 

a 

< r.i 

(3.19) 

6<|I|<|/*| 



[G J i a0 d al3 ,Z r ]w j + Z r F l (w,w')\ 2 dx 
< Ci^Kidefr- 1 + Cir^KCxET- 1 ^ E m {r, Z r Wj ) 1/2 

e<\i\< 

= L i (s) + N i (s) J2 E^T^Zt'w,) 1 ' 2 , 



6<|/|<|/* 



(3.20) Mi(r) = C^KCiet- 1 . 

Then, for |7| < 6 

4(s,zS) 1/2 < E m {s, Z'u-) 1 / 2 + CinjKidefe-^B + l)- . 



j 

1/2 



Y.E^Z'wM < (VsCa+CJis/B + lf^ 



)KC 1 s 
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Similarly, for 6 < |7*| < 7, 

Y E m (s, Z r Wl )\ < (V3C + C x ){s/B + i)CCio,*o)*c ie< 

v i ' 

Now consider 

T*{e) := sup (for any B + 1 < s < T, (j3~l"2l) holds). 

T 

By continuity, at least one of the following two equations holds: 

\ 1/2 

|J*|<7 

E^s^Z'u^ 1 ' 2 =C l£ , /or l<i<i . 
When ifC(io, fc )Cie = 5, d > 2C and (S + l) s > 2 

\ 1/2 

^ £ m ( s ,zV)J <Cies' 5 . 

|J*|<9 

When KC(j , k )Cis = 5,d> 2C and (B + l) e > 2S 2 9- 1 (KC(j , fc )) _1 > 

E m (s, Z'u-^' 2 < Cie, for 1 < i < j . 

So for e sufficiently small, C\ and B sufficiently large, on time interval [B + l,oo), (|3.12[) holds. 
Then lemma 13.31 completes the proof. □ 



The remained work is to verify (g2J) and ([3~T5]) - (pT2"0j) under the assumption of (|33|l . (|3T3|) . (|3TT2"|) 

and (EH]). 

The following lemma is to guarantee (|3.7p . 

Lemma 3.5. Suppose (|3.3p cm<i (|3.13p ZioM. TTien following estimate holds 
Proof. One notice that 

£ |Gf^|<Ci^(M + H). 

Then by simple calculation 

V \E G (s, Wi ) - E m (s, Wi )\ = \2 f (dfWidpWjGi^) ■ (l,-x a /t)dx - f (d aWl d p w G 3 ^)dx\ 

<2 / (Y \Gl af) \)-(Y\d a w k \ 2 )d X 
< 2CK J h /Z + Kl) • (z2 \d a w k \ 2 ^dx 



< 2CKC{n)C 1 e J {r z ' 2 s s + t-^ 2 s - 1 ){t/s) 2 ■ \{s/t)d a w k \ 2 ^jdx 
= 2CKC(n)C 1 s J (t 1 /^-^ 5 + t^s' 3 ) ■ (^K^^k^dx 



< 2C5j2 E m(s,Wi). 
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Here one takes KC\C(n)e < S. When < 5 small enough, 

^ \E G (s,Wi) - E m (s,Wi) \ < 2j~]E m (s,Wi), 

i i 

which complete the proof. □ 

All of the following lemmas are L 2 type estimates and their proofs are similar. The only 
simple idea used is to subtitle the decay estimates Q3.14p and the energy assumption p. 121) into 
the expression. The calculation is long and tedious and will be left in Appendix B. 

The first lemma is to guarantee (13.181) . 

Lemma 3.6. Suppose that (IO) . (pT3|) and (l3~T4|) hold, Then for any \I\ < 5, 

1/2 



(3.21) 

and 



(^J IZ'F^X^W) <C(n){C 1 efKs- :i l 2+2S , 



(3.22) (J IZ^Gl^d^w^dxj <C{n){C x e) 2 Ks- 3 ' 2+25 . 

The last lemma is to guarantee (|3.19[) 

Lemma 3.7. Suppose p.3[) , (|3.4[) . (|3.12[) and (|3.14[) hold, then the following estimates hold for 
any < 7: 

/ f \ 1/2 

(3.23) yj \Z r Fi{w,w')\ 2 dxj < C{n){Cie) 2 K s" 1 + C^deRs' 1 ^ E m (s, Z J Wj), 



6<|/|<|/* 



(3.24) 

1/2 



J \[Z r ,& i €LP d a (i\w j \ dxj < Cin^CiefKs- 1 + Cfrijdrfs^ 1 ^ E m {s, Z 1 ' Wj ), 



6<|7|<|7* 



When \I*\ < 5 i/ie /asf terms disappear. 

The following lemma is to guarantee (|3.20p : 

Lemma 3.8. Suppose ([3T3 ]) ■ ([3T2)l and (|3~T4|) ftoZd, then for any \I*\ < 7 £/ie following estimates 

is true: 

(3.25) 

^ j((d a Gf ^BtZ 1 * WidpZ 1 ' Wj - ^{d t G^)d a Z r w t d p Z r w^jdx < M^^E^s^'wk), 
where 

Mi(s) = C^deKs- 1 . 
Proof of lemma\3jj[ One will firstly prove (j3~2T|) . By ([33]), for any |/| < 5, 

^1 = P™ d a WjdpW k + Q" j d a WjVf, + Pd. VjV- k . 



For the first term: 



Pf 3k d a v } dfiu k + Pf dk d a v } dpv k 
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Now consider Y\. 



\ 1/2 / n \ 1/2 / p N 1/2 

H s ' \J H s n{r<t/2} J \JH B n{r>t/2} 

Si + 5*2- 

1/2 



Si < ( [ Iz^p^d^dpu^dx) 

\JH B n{r<t/2} 1 J 

< y ( I \p^ rk z^d a u^d p u % \ 2 dx 

f 1 +t / \«,n{Kt/2} 1 

< V ( I \R am Z h d aUl Z l2 dpuA 2 dx 



|/ 1 |<2 Wi? s n{r<t/2} 

I 1 +/ 2 =/ 



1/2 



1/2 



E (7 Ir^V^-.z^^I 2 ^ 

l£i<2 WH„n{r<t/2} 1 
Z 1 +X 2 =I 

E (f iKCi^det-'^s-^t/s))] 2 ■ \{s/t)Z L >d p u k \ 2 dx\ 

fl| < 2 \JH s n{r<t/2} J 
+1 2 =I 

V ff \{slt)Z h d aU] \ 2 ■ iKC^det^^s-^t/s^dx] 



|/ 2 |<2 \JH B n{r<t/2} 



< C{n){Cie) 2 Ks- 3 / 2 . 
To estimate S2, one uses the "one-one" frame and the weak null conditions (|3.4I) . 

5 2 = / ^(Pf^u^u^dx) 



< 

(3.26) \JH s n{r>t/2} 



^(Pf^d^dx 



2 - 1/2 



J?,n{r>t/2} 



= :4 1) +^ 2) . 

By lemma HOI 

s^< e (7 i^pf^^a^^^^i 2 ^) 12 

< E (I \Z U Pf % Z^u^d^dx 



(3.27) 1 - 



/ r -~ \ 1/ 2 

r„i<7 \JH 3 n{r>t/2} 



|Z 2 |<2 \^H s n{r>t/2} 

< C(n)(Cie) 2 ifs- 3 / 2 . 

(2) 

^2 is estimated in the same way. Then 
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Now consider the term of Y 2 , and Y3. One notices that by p. 121) . for any |/| < 6 and | J\ < 5, 

1/2 



(3.28) 



f \ 

/ |z z a a « t | dx\ <Cie, 
r 9 \ 1/2 

J \Z J a a pVf,\ dxj < C x e. 



Taking this into account, one simply substitutes p.!2[) and (|3.14[) into the expression of Y 2 and 
I3 (null conditions are not imposed here) and gets 

^ \Z I Y 2 \ 2 dx ) j 1/ ' + (^J \Z I Y 2 fdx ) j 1/2 KCinMCiE) 1 '^- 3 '™ 

The estimate on Y4 is even simpler than that of Y 2 and Y3. One simply substitutes (|3.12[) and 
(|3.14p into the expression, and gets 

1/2 

2-3/2+25 



f \ 

J \z'Y 4 \ 2 dxj < C*(n)(Ci£) 2 s 



The estimate of the integrals 

IZ^QfdaWjV^dx 

and 



Iz'iM^v^dx, 

are just substitutions of (|3.12l) and A3. 14[) . One gets 

\Z I (Q? jk d a w j v k )\ 2 dx < C{n){C l e) 2 K s -V 2+2& , 



and 



H, 



So one gets for any \I\ < 



1/2 

l^l 2 ) <C(n)(C l£ ) 2 r 3 / 2+M . 



H, 



The proof of (|3.22p is quite similar. 

/'(;■;■ a,, w, = z'c;' ■<)„,„ ! + /'(;■•> o n 

The first term is decomposed into three pieces: 

/.'(:[" i),, a t = Z^M^d^d^U-) + Z^M^d^d^) + Z'iBf^v^U]) 
=: Mi(s) + M 2 (s) + M 3 (s). 
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The estimate on M 2 is simple. 



< 



< 



Ull<2 





\Z^v- h 


|2 


\Z h d aP u 3 


\ 2 dx^J 






2 | 


Z l2 d a p U] \ 


2 dx^j 



1/2 



1/2 



+ ( f K2 \ Z ' ld i v k\ 2 ■ \Z l2 d af3 u^dx\ 

\I 2 \<2 \JH s J 

<KC{n)Cie (f (t~ 3/2 s s (t/s)) 2 ■ \{s/t)Z h d aP u } \ 2 dx\ 
+ KC{n)C 1 e Z (/ \ zh d 7 v k \ 2 (r 1 ^ 2 S - 1 ) 2 dx 



1/2 



|/i|<5 

< KC{n){C 1 e) 2 s-^ 2+2S 



Similarly 



A/3 < C(n)(C l£ ) 2 ^ S - 3 / 2+2A '. 
The estimate of M\(s) is the more difficult than the others. 

Mi{s) < ( [ ^(M^h^d^uj)] 2 ) 1 ' 2 

\JH s n{r<t/2} J 



lH,n{r<t/2} 

S1 + S2 



2 - 1/2 



Si < V (/ K 2 \Z h d lU ~ k \ 2 ■ \Z l2 d aP i 

|/ 1 l<2 V^»n{r<i/2} 

Y, ( I K 2 \Z^d lH \ 2 -\Z^d a 

lr„l< a WiJ„n{r<t/2} 



,2^ /2 



,2- ^ 



|j,|<2 WH,n{r<t/2} 

/ 1 +J 2 = 7 

< C(n)(C l£ ) 2 S - 3 / 2+5 . 



j 1 



2^ 1/2 



\Jff s n{r>l/2) 
. J_f/.,nfr>t/2> 



J- 1 



'/f a n{r>t/2} 

:=JTi(a)+.ff 2 («) 

The estimate on H 2 (s) is simple. One notice that <9 a $^ < Ci^ 1 when r > t/2. Then one gets 

H 2 (S) < Cin^defKs^' 2 . 

The estimate of -ffi(s) will consult the weak null conditions (|3.4p . Just as one as shown in (|3.26[) 
and (HH7I), 

ffi(s) < C(n)(Cie) 2 ifs- 3/2+5 . 
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To estimate the term 



One notices that 



{Z^G^d^v^dx, 



\h\<2 

+ Z 

|/ 2 |<2 

< 



1/2 



(3.29) \Z X G^\ <C(n)K ^ {Y^ Z 1 ' d a u k + ^ Z r d a v x + ^ Z 1 ' v 

|j'|<|j| k I I 

So one gets 

< J2 (J H ^G^Z^d^v^dx^' 2 
Y, ( I ^G^Z^d^v-^dxX' 2 

C{n)CisK^J {t- l l 2 s- 1 +t- 3 ' 2 s 5 f ■ IZ^d^vrfdx 

+ C{n)C 1 eK^j \Z h Gh \ 2 ■ (r 3 ' 2 s 5 f 'dx^j'" 

< C{n){C 1 e) 2 Ks- z ' 2+2S . 

Proof of lemma \3. 7[ One will firstly prove (|3.23p . 

Fi = P™ 00 d a pWjdpw k + Q^ 3k d a WjV- k + /l'f'Y, r... 

And 

+ P? P3k d a pv 3 dpu Sl + Pf^d^v-fi^. 
Then the following estimates hold. Here \I*\ < 8. For the first term: 

I {Z 1 ' {P^ jk d a u d d m )\ 2 dx\ 

< 



K Yl (f \Z q d a u-\ 2 - \Z r *d p u k \ 2 dx 

|IJI<3 |/|l<5 

q +/.=/• V^H S 

l-f|l<3|If|<5 
|XJI>8 

/ /■ \ 1/2 

+ K zZ I \Z n d a u^\ 2 - \Z r; d p u~ k \ 2 dx\ 
q+i*=i* VJif 3 / 

< C^idefs- 1 + C^deKs- 1 ^ E ™( s ; Z 1 ' u{) 1/2 . 



e<\i'\<7 
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For the second term: 

1/2 



^'(P^d^v^dx 
- K zZ (/ \Z Il d a u-\ 2 ^Z^dpv^dx^j' +k(^J \d a u^\ 2 ■ \Z r d p v k \ 2 dx^ 

I l+ I 2= I * 3 3 

\I{ l<3|/||<6 

/ r \ V2 

+ if ^ I / \Z^d a u 3 \ -\Z I Sdpv fl \ dx 

|I*|<3 



< if<7(n)(Cie)V 8/a+a + KC^Cie^ 1 E £ m (s, Z r <Ufc) 1/2 + ifC(n)(Cie) 2 s^ 



-3/2+25 
ft 

The estimate on the third term is the same. For the forth term, 

\ 1/2 

|Z r (jf^S a «-.^^| 2 dx 

'Ha / 

- K E (f \Z^d a v 3 \ 2 -\Z^dpv k \ a dx\ + E (f \Z n d a v 3 \ 2 -\Z^d v h \ 2 dx^ 

|j»|< 3 V^Hs / [IJ|<3 

< XC(n)(d£)- 3 / 2 + 25 . 

The estimates on terms about Q^ k and are similar. One omits the details. 
Now one will prove (|3.24j) . In general one has he following decomposition: 

[Gi aP d a p ) Z r ]= Yl Z^Gi^Z^d am +Gi aP [Z r ,d a0 }w 3 . 

|ifl>i 

The estimate no the second term is simple. One notices that, by (|2.10[) . [Z 1 , d a p]wj is finite linear 
combination of d J Wj with | J\ < 7. So one has 

1/2 



J h \G^[Z I ',d a p]w j \ 2 dx\ 

<EE(/ K*/-)<fT • K-/t)^i a «fa) 1/a + E E (7 l<t*T • l^-l 2 ^ 1/2 



\J\<6 i ' |J|<6 j 

1/2 



|./|>6 



|J|=7 i 







I 2 




\ 2 dx^j 




(t/s)cr \ 


2 


(s/t)Z J v.\ 


2 dx^j 



1/2 
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Then by (pQ5]l . one gets 

■2 

\Gi a0 [Z r ,d a0 } Wj \'dx} 

Ih 



<C(n)de E E(/ \{t/s)(t- 1/2 s- 1 +t- 3 / 2 s 5 )\ 2 ■ \{s/t)Z J u^ 2 dx 

\J\<5 i ^ Jh ° 

+ C{n)C 1 e E E(/ V^^^+t-^s^ 2 -\Z J v } \ 2 dx 



1/2 



|J|<6 j 

E E(/ Kt/^it-^s- 1 +t- 3 / 2 s 5 )\ 2 ■\(s/t)Z J u i \ 2 dx Sl/2 



\J\>6 



E E(/ H K^r^^ + t- 3 / 2 /)! 2 .!^/^! 2 ^) 

J l= 7 i' 



1/2 



< ^(^(Cie) 2 ^- 1 + C(n)(Cie)Xs- 3 / 2+5 + C(n)(Cie)X S - 3 / 2 + 25 

+ G{n)C Y eK s' 1 E ^fimfs^^^ + CMde^ 1 E E S ™( s ' Z S) 1/2 

|J|>6 | |J| = 7 j 

^Cin^C^Ks- 3 ^ 25 + C(n)C 1 sKs- 1 ( ]T ]T £ m (s, Z^) 1 ^ + £ ]T £ m ( s , Z^-) 1 ^ 

^|J|>6 i \J\=7 J 



The estimate on the terms about 



fjWj 



l-ff I>1 



is similar to that of (pl2"5j) . With the aid of (15^)) : 

1/2 



< E (/ i^ /i *Gr /3 z / ^ Q ^ J | 2 dxV /2 + E ( / i^'Gf ^^^-f&V " 



\q\=6 - -r*|=5 



E (f\Z I ^Gr P Z^d aP v- ] \ 2 dx\ 1/ \ E ( [ IZ^G^Z^d^u^dx" 1 ' 



2<\If l<3 



E (y ^G^Z^d^w^dx^' 2 +{^J ^'G^d^w^dx^ 1 ' 2 
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Now take into account ([57T5J) . (jXTl) and (pr2"g]l . 

1/2 

; ( J \Z^G\ ali Z r -d a& w 3 \ A dx] 



J2 ( f IZ^Gi^Z^d^Wjfdx 

I»+IJ=I* 



|J| = T 

N2 -3/2+25 , KY^V^^.,-! 



+ KC(n)(Cie)^- J/ ^ + KC(n)(de)V 
+ i4TC(n)(C*ie) 2 .s- 1 + J ^C*(n)Ci£s- 1 ^ ^ E m (s,Z I w l ). 

i \I\>6 

So finally one concludes by (|3.24p . □ 
Proof of lemma WTEl One will firstly prove the following estimate: 

/ (s/t)d t Z r WidpZ 1 ' WjdaGj^dx < Codes' 1 V E m (s, Z 1 ' w k ). 
Jh > ' k 

By (O, 

\d a G{ aft \ < CinjdsKit-^s- 1 +*" 3 /V). 
Substitute this into the expression, one gets: 

/ (s/t)a t Z r WidpZ r w J d a Gi afi dx 

< C{n)C x eK [ (f^s' 1 + t" 3 / 2 /) (t/s) ■ \{s/t)d t Z r w t \ ■ \{s/t)Z r dpw 3 \dx 

< C(n)C 1 eKs~ 1 Y,E m (s,Z I *w k ). 

k 

□ 

A Local existence for small initial data 

One will establish the following local-in-time existence result for small initial data. The interest 
is to get an a priori estimate on the life spin time. Consider the Cauchy problem in R n+1 : 



(A.l) 
Here 



gf (w,dw)d al 3Wi + Djwi = Fi(w,dw), 

Wi(B + l,x) = e'w i0 , d t Wi(B + 1, x) = e'w^. 



gi (w, dw) = m^Af^djWj + B af)l w, + 0(|w| 2 + |<9w| 2 ), 
F t (w, dw) = Pt 0jk d aWj d w k + Qt 3k d a w ]Wk + RfwjWk + 0(\w\ 3 + \0w\ 3 ). 

These A™ /97J , B^i, P^'^Q^*,^'* are constants. (wi ,wn) G H s+1 x H s functions and sup- 
ported on the disc {\x\ < B}. In general the following local-in-time existence holds 

Theorem A.l. For any integer s > 2p(n) — 1, there exists a time interval [0, T(e')] on which the 
cauchy problem (|A.1|) has an unique solution in sense of distribution Wi{t,x). Further more 

Wi(t, x) e C([0, T(e%H s+1 ) n C^O, T(s% H% 

and when e' sufficiently small, 



T(e') > C(Ae') 



A-l/2 
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where A is a constant depending only on Wi and wn. Let E g (T,Wi) be the hyperbolic energy 
defined in the section 2.2. For any £,C\ > 0, there exists an s' such that 

J2E g (B + l, Wi ) < Cie. 

i 

Proof. The proof is just a classical iteration procedure. The high-order terms will be omitted. 
One will not give the details but the key steps. One defines the standard energy associated to a 
curved metric g 

E* g {s,Wi):= f (g^idtuf-g^diudj^dx. 



g 

One takes the following iteration procedure 



(A.2) 



gf(w k ,dw k )d aP w$ +1 = F(w k ,8w k ), 
Wi(0,x) = s'w i0 , d t Wi(0,x) = e'wi , 



and take w t ° as the solution of the following linear Cauchy problem: 

f Owi = 0, 

[Wi(0,x) =e'w l0 , d t Wi(0,x) = e'wu. 
Suppose that for any |/| < 2p(n) — 1, 

e'A>E* g {t,d I w k i ) 1 ' 2 . 

Taking the size of the support of the solution w k (t, •) into consideration, by Sobolev's inequality, 
for any \J\ < p(n) — 1, 

(A.4) \d J w k \(t,x) <C(t + B + l)e'A. 

Now one wants to get the energy estimate on d T w k+1 . By the same method used in [B], one gets 
E*(t, 9 / wf +1 ) 1/2 < E g (t, exp ((JAe' J (r + B + l)dr 

< e _1 e'Aexp {cAe' J (r + B + l)dr 

When 



VCAs' <(B + I)- 1 

and 

t^-iCAe')- 112 , 

one gets that 

E* g (t,d I w k+1 ) 1 ^ <s'A. 
Then by an standard method presented in the proof of theorem ... of [B], 

lim w k = Wi 

k— >oo 

is the unique solution of (jA~T) . andw, € C([0, T(s% H s+1 ) n C 1 [0, T(e% H s ). Here one can take 

T(e') = C(Ae)- 1/2 
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To estimate E g (B + 1, Z I Wi), one takes dtWi as the multiplier and by the standard procedure 
of energy estimate, 

E g {B + l,Z I w l )~E*{B + l,Z I w t ) = [ {Z I F l {w,dw)d t w l -[Z I ,g a(i d a p]w l -d t w l )dx 

JV{B) 

+ / (d a g ap d t w i dpw i --dtg al3 d a Wid l 3W i )dx, 

JV(B) \ Z J 

where V(B) := {(t,x) : t > B + l,t 2 - \x\ 2 < B + l}flA'. When As' < (B + l)~ 2 , thanks to (TOl) 
and (|A.3I) . the right hand side can be controlled by CAe'. Then one gets 

E g {B + l,Z I w l ) < CAe'. 

□ 
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